A concrete realization of Enright's T modules is obtained. This is used to show their self-duality. As a consequence, the restricted duals of Verma modules are also identified.
INTRODUCTION
In [5] , T. Enright introduced a completion functor on the category I(g) of representations of a finite dimensional complex semisimple Lie algebra g. Using this functor, he constructed algebraically the fundamental series representations. In [3] , V. Deodhar realized the functor via Ore localization and thus gave an explicit way of constructing completions which also enabled him to prove Enright's uniqueness conjecture arising in successive completions. Later in [9] , A. Joseph generalized the functor to the Bernstein -Gelfand -Gelfand category O(g) and gave a refinement of the Jantzen conjecture.
As completion is associated with a simple root, the whole process is built up from the sl 2 -case.
In particular, Enright introduced T modules for sl 2 and showed that, together with Verma modules, they comprise all indecomposable objects of the category I(sl 2 ) and every module in this category is a direct sum (not necessary finite) of indecomposable ones. More recently, Y. M. Zou [14] extended for a ∈ Z.
As an immediate consequence of the definition of q-integers, we have:
for all integers a, b, and k.
Denote by U + q (g) (resp. U − q (g)) the subalgebra of U q (g) generated by e i (resp. f i ), 1 ≤ i ≤ l. Henceforth, assume char k = 2, 3 and q is not a root of unity in k. We recall few definitions following [5] and [14] .
Let I (U q (g)) be the category of U q (g)-modules M satisfying (i) M is a weight module, (ii) U − q (g)-action on M is torsion free, and (iii) M is U + q (g)-finite, i.e. e i acts locally nilpotently on M for all i.
) is said to be complete with respect to i if
is bijective for all n ∈ N 0 and ǫ = ±1. A module N in I (U q (g)) is a completion of M with respect to i provided (i) N is complete with respect to i, (ii) M is imbedded in N , and (iii) N/M is f i -finite. Now, we can consider g = sl 2 . For brevity, we write U q = U q (sl 2 ) and I = I (U q (sl 2 )).
For n ∈ N 0 , the left ideals I(n, ǫ) and J(n, ǫ) of U q are defined as follows:
We consider the U q -modules T (n, ǫ) = U q /I(n, ǫ) and S(n, ǫ) = U q / J(n, ǫ), and call T (n, ǫ) a T module.
Similarly as in the classical case (cf. [5] ):
An explicit description of the structure of T modules is given with the following theorem.
for i ≥ n + 1 and {v i | i ≥ 0} is a k-basis of the Verma submodule of T (n, ǫ) with highest weight ǫq n and the usual U q -action.
Proof. Denote the image of u ∈ L ⊆ U q in S(n, ǫ) = U q /J(n, ǫ) also by u (see Lemma 2) . We consider the action of t and C on S(n, ǫ).
Clearly S(n, ǫ) = ⊕ i≥0 S(n, ǫ) ǫq n−2i and dim S(n, ǫ) ǫq n−2i ≤ n + 2 for all i. For 0 ≤ j ≤ n + 1, it follows that C · e j = ǫc j e j + f e j+1 where c j =
and therefore c j = c iff j = 0 or j = n + 1. Now, we consider S(n, ǫ) ǫc , the submodule of S(n, ǫ) where C − ǫc is locally nilpotent. Since S(n, ǫ) ǫq n−2i is invariant under C for every i ≥ 0, it suffices to look for the generalized ǫc-eigenspace
Its characteristic polynomial is char C (t) = (t − ǫc)p 1 (t) with p 1 (ǫc) = 0, and so S(n, ǫ) ǫq n−2i (ǫc)
is k-spanned by f i e n+1 , an ǫc-eigenvector of C. Similarly, S(n, ǫ) ǫq n−2i for i ≥ n + 1 has a k-basis
Consequently,
The action of e on the basis vectors from (4) follows from (2) and commutation relations (1).
Namely,
) and in addition, by Lemma 1 and the definition of α i , ef
In particular,
Denote the image of 1 ∈ U q in T (n, ǫ) = U q /I(n, ǫ) also by 1. Similarly as in [5] , observe J(n, ǫ) ⊆ I(n, ǫ) and let ϕ : S(n, ǫ) → T (n, ǫ) be the induced U q -module homomorphism with ϕ(1) = 1. Note that ϕ induces a surjection Φ : S(n, ǫ) ǫc → T (n, ǫ) because C − ǫc is locally nilpotent on T (n, ǫ). Due to (5), Φ is injective, thus a U q -module isomorphism. Denoting the image of u ∈ S(n, ǫ) ǫc under Φ again by u should cause no confusion. Setting v i = f i e n+1 and z n+1+i = f i z in T (n, ǫ) for i ≥ 0 and using the previous calculations, we obtain in particular 
The following is immediate.
Corollary 1. ([1, Proposition 3.10], [4, Proposition 4.3])
The U q -modules S(n, ǫ) and T (n, ǫ) belong to the category I = I (U q (sl 2 )), T (n, ǫ) ∼ = S(n, ǫ) ǫc , T (n, ǫ) is complete and indecomposable, and there exists an exact sequence
Moreover, if M is a U q -module in I such that M = M ǫc and v ∈ M ǫq −n−2 , then the map x → xv of U q into M factors through T (n, ǫ). Now, notice that v n+1 ∈ T (n, ǫ) generates the Verma module M (ǫq −n−2 ), and consider the
There is a short exact sequence
where V (n, ǫ) is the irreducible U q -module of dimension n + 1 and highest weight ǫq n .
Proof. This is immediate from the filtration
The following result will be used only at the end of Section 3 to keep the paper as self-contained as possible.
Proposition 2. ([1, Proposition 3.11], [4, Proposition 4.5]) (i)
The M (λ) (λ ∈ k × ) and the T (n, ǫ) (n ∈ N 0 ) are precisely all the indecomposable objects of the category I.
(ii) Every module in I is a direct sum (not necessarily finite) of indecomposable ones.
Remark 1. In [14] , k = C(q) was used for convenience. No restriction on the field k is needed other than char k = 2.
CATEGORY O AND RESTRICTED DUALS
Let O (U q (g)) (cf. [1, 10, 14] ) denote the category consisting of U q (g)-modules M such that
i.e. weights are contained in finitely many cones.
Evidently U q (g) has an involutory antiautomorphism σ such that σ(e i ) = f i , σ(f i ) = e i and σ(t i ) = t i . The following is the q-analogue of [7, Proposition 4.6] . Define the restricted dual M
for all but finitely many weights ω of M } where
Denote M res with this action by M σ .
As usual the formal character of M is defined as ch M = ω∈Ω (dim M ω )e ω where e ω is defined formally to be the basis element of the group algebra Z[Ω] corresponding to ω ∈ Ω. 
Next, we find the restricted duals of Verma modules and T modules in O = O (U q (sl 2 )).
. Now, utilizing the structure of T modules obtained in the previous section, we explicitly find the Since T (n, ǫ) contains a submodule spanned by {v i | i ≥ 0} isomorphic to M (ǫq n ), we utilize the 
The next corollary follows immediately from Proposition 2 and Proposition 3 (viii).
Corollary 3. The restricted duals of modules belonging both to the category O (U q (sl 2 )) and the category I (U q (sl 2 )) are direct sums of modules from the set {T (n, ǫ), M (ǫq −n−2 ), T (n, ǫ)/M (ǫq −n−2 )| n ∈ N 0 , ǫ = ±1}.
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